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ON THE SECOND COHOMOLOGY GROUP OF SIMPLE LEIBNIZ 

ALGEBRAS 

J.Q. ADASHEV, M. LADRA, AND B.A. OMIROV 


Abstract. In this paper we prove some general results on Leibniz 2-cocycles for 
simple Leibniz algebras. Applying these results we establish the triviality of the second 
Leibniz cohomology for a simple Leibniz algebra with coefficients in itself, whose 
associated Lie algebra is isomorphic to sR 


1. Introduction 

In the past years Leibniz algebras have been under active investigation for several 
reasons. These algebras preserve a property of Lie algebras that operators of right 
multiplication are inner derivations. Another motivation to study Leibniz algebras is 
that if a Leibniz algebra admits the additional property [x, x\ = 0 for any element of the 
algebra, then Leibniz identity coincides with Jacobi identity. Therefore, Lie algebras 
are generalized by Leibniz algebras. 

From classical theory of finite-dimensional Lie algebras it is known that an arbitrary 
Lie algebra is decomposed into a semidirect sum of the solvable radical and its semisim¬ 
ple subalgebra (Levi’s theorem) [Sj. Classification of semisimple Lie algebras has been 
known since the works of Cartan and Killing. According to the Cartan-Killing theory, 
a semisimple Lie algebra can be represented as a direct sum of simple ideals, which are 
completely classified. 

Recently, Barnes proved an analogue of Levi’s theorem for the case of Leibniz algebras 
[3j. Namely, a Leibniz algebra decomposes into a semidirect sum of its solvable radical 
and a semisimple Lie algebra. Since the semisimple part can be described from simple 
Lie ideals, one of the main problems of description of finite-dimensional Leibniz algebras 
consists of the study of solvable Leibniz algebras. 

The inherent properties of non-Lie Leibniz algebras imply that the subspace spanned 
by squares of elements of the algebra is a non-trivial ideal (later on denoted by I). 
Moreover, the ideal I is abelian and hence, it belongs to solvable radical. It is the 
minimal ideal with respect to the property of that the quotient of the algebra modulo 
an ideal is a Lie algebra. 

Moreover, Leibniz algebras with simple quotient by the ideal / are completely de¬ 
scribed by means of simple Lie algebras and their irreducible modules. Practically, for 
such Leibniz algebras the space / is a direct sum of irreducible modules. 

Since in a non Lie Leibniz algebra the ideal / is always non trivial, the usual notion 
of simplicity is not applicable for Leibniz algebras. Therefore, Dzhumadirdaev in |T] 
proposed a definition of simple Leibniz algebra as an algebra which does not admit 
non-trivial ideals except I and the square of an algebra is not equal to I. 
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Due to Barnes’s result a simple Leibniz algebra decomposes into a semidirect sum of 
simple Lie algebra and its irreducible right module. Later on, the notion of semisim¬ 
plicity was adapted for Leibniz algebras as an algebra whose solvable radical coincides 
with the ideal I. These notions are in agreement with corresponding analogues in Lie 
algebra case. 

Although semisimplicity of a Leibniz algebra L is equivalent to semisimplicity of the 
quotient algebra of L modulo the ideal /, nevertheless the result about the decomposi¬ 
tion of a semisimple Leibniz algebra into a direct sum of simple ones is not true. 

Note that Leibniz algebras of the same dimension form a variety under natural action 
of the linear group GL n . From algebraic geometry it is known that an algebraic variety 
is a union of irreducible components. Algebras with open orbits under this action in 
the variety of Leibniz algebras are called rigid. Closure of these open orbits provides 
irreducible components of the variety. Hence finding rigid algebras is a crucial problem 
from the geometrical point of view. It is well known that the triviality of the second 
group of cohomology for a Lie algebra with coefficients in itself implies rigidness of 
an algebra and the inverse statement is not true in general. Similar to the case of 
Lie algebras, Balavoine proved the general principles for deformations and rigidity of 
Leibniz algebras [2]. 

In this paper we investigate properties of the second group of cohomology for 
(semi)simple Leibniz algebras. Using the construction of a gradation of semisimple 
Leibniz algebras we induce a gradation on the space of 2-cocycles and prove some gen¬ 
eral results concerning homogeneous 2-cocycles. In fact, this approach allows us to use 
Whitehead’s second lemma on triviality of the second group of cohomology for semisim¬ 
ple Lie algebras [5]. As an application of general results we prove the triviality of the 
second group of cohomology for simple Leibniz algebras with associated Lie algebra s I 2 , 
which implies its rigidness. 


2. Preliminaries 

In this section we give some necessary definitions and preliminary results. 

Definition 2.1 ([6]). An algebra (L, [•,•]) over a field F is called a Leibniz algebra if 
for any x,y,z G L the so-called Leibniz identity 

[x, [y,z]] = [[x,y],z] - [[x,z],y] 

holds. 

Let L be a Leibniz algebra and let / = ideal ([x, x] \ x G L) be the ideal of L generated 
by all squares. The natural epimorphism p: L —y L/I determines the associated Lie 
algebra L/I of the Leibniz algebra L. It is clear that the ideal / is the minimal ideal 
with respect to the property that the quotient by this ideal is a Lie algebra. In fact, 
the ideal / coincides with the space spanned by squares of elements of an algebra [3]. 

Definition 2.2 ([[]]). A Leibniz algebra L is called simple if its only ideals are {0}, /, L 
and moreover [L, L\ I. 

In the next theorem we present the multiplication table of a simple Leibniz algebra 
whose associated Lie algebra is s( 2 . 

Theorem 2.3 (IT]). Let L be a complex (m + 4) -dimensional (m > 2) simple Leibniz 
algebra with associated Lie algebra s( 2 . Then it admits a basis {e, /, h,x 0 ,x 1 ,... ,x m } 
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such that non zero products of the basis vectors in L are represented as follows: 


[x k , e] 

= —k(m + 1 — k)xk- 1 , 

k = 1,. 

... , m. 


[Xk,f] 

Xk+l i 

k — 0,. 

..., m — 1, 


[x*„ h\ 

— (m — 2 k)xk 

k — 0,. 

• • ,m, 


[e, h] = 

- 2e, 

[K f ] = 

= 2/, 

[e, /] = h, 

[h, e\ = 

= —2e 

[/> h \ = 

—2/, 

If, e] = ~h. 


For a given Leibniz algebra L we define derived series as follows: 

L 1 = L, L [n+1] = [L [n] ,L [ % n > 1. 

Definition 2.4. A Leibniz algebra L is called solvable if there exists an m E N such 
that LH = 0. 

Similar to the Lie algebras case, the sum of solvable ideals of Leibniz algebra is also 
solvable. The maximal solvable ideal is called the solvable radical of the Leibniz algebra. 

Definition 2.5. A Leibniz algebra L is called semisimple if its solvable radical is equal 
to the ideal I. 

Clearly, this definition agrees with the definition of semisimplicity of a Lie algebra. 
Note that simple and a direct sum of simple Leibniz algebras are examples of semisimple 
Leibniz algebra. Unfortunately, there exist semisimple Leibniz algebras which do not 
decompose into a direct sum of simple algebras (for an example see |4j). 

The analogue of Levi’s theorem from Lie theory was proved for the left Leibniz alge¬ 
bras, it also holds for right Leibniz algebras (here we consider right Leibniz algebras). 

Theorem 2.6 (Levi’s Theorem |[3j). Let L be a finite dimensional Leibniz algebra over 
a field of characteristic zero and R its solvable radical. Then there exists a semisimple 
subalgebra S of L, such that L is the semidirect sum of S and R, L = S+R. 

In fact, the subalgebra S in Theorem 12.61 is a semisimple Lie algebra. Therefore, we 
have that a semisimple (simple) Leibniz algebra is a semidirect sum of a semisimple 
(respectively, simple) Lie algebra S and its (respectively, irreducible) right module /, 
that is, L = S+I. Hence, we get the description of semisimple (respectively, simple) 
Leibniz algebras in terms of semisimple (respectively, simple) Lie algebras and their 
ideals /. 

Derivations of a Leibniz algebra are defined in the usual sense. 

Definition 2.7. A linear transformation d of a Leibniz algebra L is called a derivation 
if for any x, y £ L, 

d([x,y]) = [d(x),y} + [x,d(y)\. 

Consider for an arbitrary element x G L the operator of right multiplication R x : L —>■ 
L , defined by R x (z ) = [z,x]. Operators of right multiplication are derivations of the 
Leibniz algebra L. 

We call a vector space M a module over a Leibniz algebra L if there are two bilinear 
maps: 

[-, -]: L x M -A M and M x L —► M 

satisfying the following three axioms 

[m, [x,y]] = [[m,x],y] - [[m,y\,x\, 

[x, [m, y ]] = [[x, m ], y\ - [[x, y \, m ], 

[x, [y, m}} = [[x, y],m]~ [[x, m],y], 
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for any m G M, x,y G L. 

For a Leibniz algebra L and a module M over L we consider the spaces 
CL°(L , M) = M, CL n (L, M) = Hom(L 0n , M), n > 0. 

Let d n : CL n (L, M) —> CL n+] (L, M) be the F- homomorphism defined by 

ra+1 

(d n f)(x 1 ,..., x n+1 ) := [xi, f(x 2 ,..., Zn+i)] + • • •, ■ ■ ■, ^n+i), a*] 

i=2 

+ ^2 (-iy +1 f(x 1 ,...,x i _ 1 ,[x i ,x j ],x i+1 ,...,x j ,...,x n+1 ), 

l<i<j<n-\-l 

where / G CL n (L,M) and x* G L. The property d n+1 d n = 0 leads that the derivative 

operator d = d l satisfies the property d o d = 0. Therefore, the n-th cohomology 

i> o 

group is well defined by 

HL n (L,M ) := ZL n (L,M)/BL n (L,M), 

where the elements ZL n (L,M) := Kerd n and BL n (L, M) := Imcf 1-1 are called 71- 
cocycles and n-coboundaries, respectively. 

The elements / G BL 2 (L,M ) and <p G ZL 2 (L,M ) are defined as follows 

f(x,y ) = [rf(z),t/] + [x, rf(y)] — d([x,y]) for some map d G Hom(L,M), (2.1) 

[x,<p(y,z)\ - [(p(x,y),^] + [v(x,z),y]+tp{x, [y,z])-tp([x,y],z)+tp([x,z],y) = 0. (2.2) 

Theorem 2.8 (Whitehead’s second lemma). Let G be a semisimple Lie algebra over a 
field of zero characteristic. Then H l {G, M ) = H 2 (G , M) = 0 for any finite-dimensional 
G-module M. 

Below, we present the cohomology version of the result on the relation of Lie homology 
and Leibniz homology for a Lie algebra with coefficients in a right module (see [8] 
Corollary 1.3]). 

Let G be a Lie algebra and M a right G-module. 

Theorem 2.9. IfH*(G,M) = {0}, then HL*(G,M ) = {0}. 

Later on we need the following description of the derivations of complex simple Leib¬ 
niz algebras [9]. 

Theorem 2.10. Let L = G+I be a complex simple Leibniz algebra. Then any deriva¬ 
tion d of L can be represented as d = R a + a + A, where a G G, A: G —>■ /, a = X idp 
for some A G C. In addition, if dim G dim/, then A = 0. If dim G = dim/, then 
either A (G) = / or A (G) = 0. 

Corollary 2.11. In the case of dim G dim/, we have dim BL 2 (L,L) = (dimG + 
dim I) 2 — dim G — 1. 

Theorem 12.101 can be extended for semisimple Leibniz algebras which admit a decom¬ 
position into direct sum of simple Leibniz algebras, that is, L = 0) =1 A, where ideals 
Lj are simple. 

Theorem 2.12 ([9]). Any complex derivation d of semisimple Leibniz algebra L = 

0* =1 Li can be represented as a sum of derivations of Li, i.e., d = d t , where each di 

2—1 

has the form as in Theorem 12.101 
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Recall, Schur’s lemma which will be used later. 

Theorem 2.13. Let G be a complex Lie algebra, U and V irreducible G-modules. 

(i) Any G-module homomorphism 6: U —>■ V is either trivial or an isomorphism; 

(ii) A linear map 9: V —» V is a G-module homomorphism if and only if 6 = Aid| v 
for some A G C. 


3. Main Result 

3.1. On Leibniz 2-cocycles for simple Leibniz algebras. 

Let L be a Z-graded Leibniz algebra, i.e., L = 0 with [L i: Lf\ C L i+ j. 

iez 

This gradation induces a gradation on CL n (L,L) as follows: 

ieZ 

with 

CL (j) . {c G CL (L, L) | c(qi, ..., On) £ ■^'*1+124—i-*n+o ^ 

It is easy to see that the operator d preserves the above gradation, that is, 

d(CLD C CL"*'. 

This gradation induces a Z-gradation on 

ZL"(L,L) = 0ZLf o , and BL n {L, L) = 0 BL^ 

with ZL n (i) = {c G CL n {i) | d n [c ) = 0} and = {d n ~\c) \ c G CL^f 1 }. 

According to the above Z-gradation, we have 

ZL 2 (L,L) = ®Z.% 

ieZ 

Let L be a semisimple Leibniz algebra. Then L = G+I and by putting L 0 : = 
G, Li := I and Li = 0, for i > 1 or i < 0, we obtain a Z-gradation of L. 

Lemma 3.1. Let L = G+I be a semisimple Leibniz algebra. Then 

ZL\L , L) = ZL 2 { _ 1} © ZLf 0) © ZL\ y 

Proof. It is easy to see ZLT = 0, for i < — 3 and i > 2. Therefore, 

ZL 2 (L, L ) = Z L 2 _ 2 ) © ZL\_ X) © ZL 2 (0) © ZL 2 ^. 

For (p G ZL 2 (L , L) we have <p = 2 + + </?o + </?i- 

By definition we have </3_ 2 (G, G) = <£>_ 2 (G, /) = </?_ 2 (/, G) = 0 and </?_ 2 (J, /) C G. 
From (dV_ 2 )(G,/,/) = 0 we have [G, </?_ 2 (/, /)] = 0. Taking into account the 
multiplication of the semisimple Leibniz algebra L we conclude that </?_ 2 (J, /) C /. 
Thus, +- 2 ( 1 ,1) = 0 and we get </ 2 _ 2 = 0. □ 


Let us introduce the following notations: 
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$ GG 

= W- 

i G ZL 2 _ 

-1) 1 

<P- 1: G ® I 

G}, 

<T)° 

^G,G “ 

= W 0 

G 

ZL\ o) 

74b 

G®G ^ G}, 

*lh 

= W- 

i G ZL 2 _ 

-1) 1 

if- 1 : I <+G 

—> G }, 

<T)° - 

v G,I “ 

= Wo 

G 

ZL\ o) 

T’o: 

G <E> I —^ /}, 


= {ip. 

i e ZL\_ 

-1) 1 

if- 1: / ® I 


<T>0 - 

^I,G “ 

= Wo 

G 

ZL\ o) 


J<8)G^/}, 

$G,G 

= Wi 

G ZL\ X) 

1 <P1 

: G®G^ 

/}• 







It is 

easy to see that 










ZL~(L, L ) — ( l> G j + g j + + ®°I,G + ^G,G- 

Considering the equality (12.2ji for homogeneous elements we deduce: 


[x, +{y, z)] = o, xeG,y,zer, (3.1) 

[x,<p(y,z)\ + [(p{x,z),y] - <p{[x,y\,z) = 0, yeG,x,zeI] (3.2) 

[x,<p(y,z)\-[(p(x,y),z\+(p(x,[y,z]) + (p{[x,z\,y) = 0, zeG,x,yeI-, (3.3) 

[x, ip(y, z)} + [y(x, z),y] — tp([x, y\,z) = 0, x,yeG,zeI; (3.4) 

[x,<p(y,z)\-[<p(x,y),z\+<p(x,[y,z]) + (p([x,z\,y) = 0, x,zeG,yeT, (3.5) 


[x,<p{y,z)\ ~ [<p(x,y),z] + [<p(x,z),y] + <p(x, [y,z]) - <p([x, y],z) + tp{[x,z\, y) = 0, y,z e G,x e I 

(3.6) 

[x,<p{y,z)] - [<p(x,y),z] + [<p(x,z),y] + (p{x, [y,z ]) - (p([x,y\, z) + ip([x, z\,y) = 0, x,y,ze G. 

(3.7) 

Proposition 3.2. Let L = G+I be a semisimple Leibniz algebra. Then <3>g/ = {0}. 

Proof. From equalities (l3.4[) - fl3.5j) for tp 0 , we have 
[<Po(x,z),y] = <p 0 ([x,y],z), 

[<Po{x, z),y ] = (p 0 (x, [z, y}) + <p 0 {[x, y],z), with x,y G < 3 , z G I. 

Therefore, <po(x,[z,y]) = 0 , x,y E G, z E I. Taking into account [I,G] = I, we 
conclude <p 0 (G,I) = 0. □ 

For a semisimple Leibniz algebra L = G+I, we consider the subspace BL 2 0 ^(G, G) = 

{/o G BL 2 ^{L, L) | (p 0 : G <S> G — > G} of the space BL 2 0 ^(L, L). 

Proposition 3.3. Let L = G+I be a semisimple Leibniz algebras. Then <1>gg = 

BL ^ (G, G) and dim $£ q = (dim G) 2 — dim G. 

Proof. Let us consider equality (j3. 7[) for a 2-cocycle <p 0 G ‘Lg g with x iVi z £ G and 
y = z. Then we derive [x, <po(y, y)\ = 0. Hence, +o(y, y) G G fl / = {0}. 

The equality 

0 = ip Q {x + y, x + y) = <p 0 (x, y) + <p 0 (y, x) 
implies ip 0 {x,y) = -<p 0 (y,x). 

Taking into account that (p 0 (x,y ) is skew-symmetric and equality (13.71) . we conclude 
that <p 0 (x,y ) is a Lie 2-cocycle. Therefore, 4 >gg = Z 2 (G,G). Due to Theorem 12.81 we 
have H l {G,G ) = H 2 {G,G ) = 0, which implies 

$G,G = Z 2 (G,G) = B 2 (G, G) = BL 2 0] (G,G). 

Since by definition B 2 {G,G) = {/ G Hom(GAG,G) | f(x,y) = [d(x),y] + [x,d(y)\ — 
d([x, y]) for some map d G Hom(G, G) \ Der(G)}, we get $g,g = (dim G) 2 — dim G. □ 
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Let us consider the subspace BL\(G , /) := {/i: G®G —» /} of the space BL 2 ^(L, L ). 
In next theorem we will establish the equality = BL\{G,I) and will calculate 
the dimension of 4> GG . 

Proposition 3.4. Let L = G+I be a complex simple Leibniz algebra. Then 4> G G = 
BL\ {G, /) and dim 4> G G = dim G ■ dim I or dim 4> G G = dim G ■ dim I — 1. 

Proof. Let G be a simple Lie algebra. Then applying Theorems 12.81 and 12.91 we conclude 
that HL 2 (G,I ) = {0}, that is, + ] GG = BL 2 (G,I). 

From equation (I2.1jl we conclude that 

dim BL\(G, I) = dimMat dimGjdim/ (C) - dim Der ( i)(L), 

where Mat r;S is the vector space of all r x s matrices. 

Recall that di £ Derp^L) in Theorem 12.101 is denoted by A. 

In the case A = 0, we have dim BL\(G, /) = diniG • dim/. 

Now we consider the case A ^ 0. Note that G and / are irreducible G-modules. 
Mor eover , A{[g u g 2 ]) = [A(g 1 ),g 2 ] for any g u g 2 £ G. Applying part (i) of Theo¬ 
rem 12.131 we obtain that the operator A is an isomorphism. Taking an appropriate 
basis of / we can identify G and / as G-modules. Using the second part of Theorem 12.131 
we conclude dimDer(i)(L) = 1. Hence, dim BLl(G,I) = dim G ■ dim / — 1. 

□ 

Thanks to Theorem 12. 12l bv arguments used above we can extend the result of Propo¬ 
sition 13.41 to a direct sum of simple Leibniz algebras. 

Corollary 3.5. Let L be a complex semisimple Leibniz algebra that admits a decom¬ 
position into a direct sum of simple ideals, that is, L = ©| = 1 L,., where Li = Gi+Ii 
are simple Leibniz algebras and G = ©| =1 Gj is a semisimple Lie algebra. Then 
dim $ G G = dim G ■ dim I or dim $ G g (G, /) = dim G ■ dim I — k, where k is the number 

of non-zero components in the decomposition A = Y^t=i • 

Proposition 3.6. Let L = G+I be a semisimple Leibniz algebra. Then 

dim ZL 2 _^ = dim^jLj + 4 ) 7 G )- 

Proof. Let us consider Equalities (13.21) and (13.31) for the 2-cocycle <p_i £ ZL 2 _ L) = 
$ 7 } + + < f ) 7 G with y £ G, x, z £ /, then we get 

[x,+-i(y,z)\ + [<p-i(x,z),y] - +-i([x, y], z) = 0 , 

[x,tp-\{z,y)\ - [(p-i(x,z),y] + <p- 1 (x,[z,y]) + <p- 1 ([x,y],z) = 0 . 

Adding the above equalities we derive 

[z, V ]) = ~[x, <p~i(y, z) + tp-x(z, y)], y £ G, x, z £ I. (3.8) 

Thanks to equalities [/, G\ — I and (13. 8 j) we conclude that any ip’_ x £ &j) is defined 
via some <p"_ x £ T-i ^ *^70 anc ^ ^ ie multiplication [I,G\. □ 

4. Application to simple Leibniz algebra with associated Lie algebra sl 2 


In this section we will consider the simple Leibniz algebra L = sl 2 +1 of Theorem 12.31 
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Taking into account that an arbitrary ip 0 € <3>£ G is a Lie 2-cocycle, we introduce the 
following notations: 

<A)(e, /) = -<Po(f, e ) = aie + a 2 f + a 3 h, 

<A)(e, /i) = ■ (po(h, e) = b x e + b 2 f + b 3 h , 

<A)(/, /i) = -^o(/b /) = cie + c 2 / + c 3 h, 

m 

<Po (x k ,e) = Y^bkjXi, k — Q,l,...,m, 

i=0 

m 

<Po(Xk,f) = Y C k,i' X i, k = 0,1, ... ,771, 

2—0 

m 

<Po(x k , h) = Y, d k ,iXi, k = 0,1,..., m. 

i= o 

Proposition 4.1. Let L = sl 2 +/ &e t/ie complex simple Leibniz algebra of Theorem \2.3l 
Then dim <f>5 G = m 2 + 2m. 

Proof. Equality (d 2 tp 0 )(e, f, h) = 0 implies 

ai = ci, a 2 = - 6 3 , 61 = -c 2 . (4.1) 


For 0 < k < m, we consider the equalities: 

(d 2 (p 0 )(x k , e, f) = (d 2 (p 0 )(x k , e, h ) = (d 2 <p 0 )(x k , /, h) = 0 . 

Then together with restrictions (14.11) for 0 < k, i < m, we derive 
ti(i) - b kii _ 1 - (z + l)(m - i)c kji+ i + 4 ,; + k(m + 1 - fc)c fc _ M + 4 +i,* = 0 , 
t 2 (i) + 2(i - k + 1)4,i - (i + l)(m - z) 4 ,i+i + k(rn + 1 - fc) 4 -i,i = 0 , 

f 3 (i) + 2 (z - k - 1 )c fcii + 4 ,*-i - 4 + 1 ,* = 0 , 


where 


ti{i) 


—k{m + 1 — k)a\, 
; (m — 2k) a 3 , 

< 

a 2 , 


—k{m + 1 — fc) 6 i, 


t 2 (f) = < 


— (m — 2 k)a 2 , 

4, 




0 , 




—k(m + 1 — fc)ai, 
(m - 2k)c 3 , 



i = k — 1 , 
i = k, 
i = k + 1 , 
z 7 ^ k — 1 , k, k + 1 , 

i = k — 1 , 
i = k, 
i = k + 1 , 
z k — 1 , k, k + 1 , 

z = k — 1 , 
i = k, 
i = k + 1 , 
z 7 ^ k — 1 , k, k + 1 , 


and b k>i = c k l = d k}i = ti(i) = t 2 (z) = i 3 (z) = 0 , for k, i < — 1 or k, i > m + 1 . 
If z 7 ^ /c — 1 or i 7 ^ fc + 1, then from restrictions (14.31) and (14.41) . we hnd 


(4.2) 

(4.3) 

(4.4) 


bk,i 

Ck,i 


t 2 (i) 


2 (i -k + 1 ) 


+ 


(z + l)(m — z) 
2(z-fc-f 1) 

1 


2(i — k — 1 ) 2{i-k- 1 ) 


k(m + 1 — k) 

4)1+1 2 (z - k + 1 ) 4 " 1 ^ 

(4.5) 

1 

- 1 + 2(z-A;-l) 4+1)l - 

(4.6) 
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If i = k — 1 or i = k + 1, then from restrictions (14.3ft and (11.11) . we derive 


h + 4,fc ~ dk-i,k-i = 0, 1 < k < m, 

—bi + d k ,k ~ 4+ia+i = 0 ; 0 < k < m - 1. 

From the latter one, we obtain 

dk,k = —kbi + d 00 , for 1 < k < m. (4.7) 

Consider the restriction (14.21) for i = k, 

{m - 2k)ai - i ~(k + 1) (m - k)c ktk+1 + d Kk + k(m + 1 - k)c k _ 1)k + b k+hk = 0. (4.8) 

Summarizing equalities (14. 8 p for k — 0,1,..., m, we obtain 

do,o + d\j + • • • + d)n,m — 0. (4-9) 

From (14.71) and (14.9[) we deduce 

d o,o — ~^b\- 

Therefore, equality (14.71) can be rewritten in the following form: 


jyi _ 2 A / 

d k , k = --— h, 0 <k <m. (4.10) 

Let us now calculate the number of independent parameters which define an arbitrary 
element of the space $5 G . 

So, the number of total parameters b kti , c k: ,, d k j, with 0 < k,i < in, is equal to 
3(m + l) 2 . 

From restrictions (14. 5 p and (14.6p we find b kyi , c k ^ with 0 < k,i < m, except b kjk -1 and 
c k ,k+i- Hence, the number of non independent parameters is equal to 2(m + l) 2 — 2m. 

From equality (14. 8 p we conclude that the parameters b k+ i k , 0 < k < m — 1, are not 
independent. Therefore, we have m more a number of non independent parameters. 

Finally, from (14.10p we get more (m + l)-pieces of non independent parameters. 

Thus, 

dim = 3 (m + l) 2 — [2(m + l) 2 — 2m + m + m + l] = m 2 + 2m. 

□ 


As a consequence of Proposition 13.41 we have the following proposition. 


Proposition 4.2. Let L = s^+I be a complex simple Leibniz algebra. Then dim <f> G G = 
3(m + 1) for m^2 and dim <F G G = 3(m + 1) — 1 for m = 2. 


We put 


T —1 (C •Ek) 1^ T G)fc,m+2,/ T Q)/c,m+3^b k 

7^—1 (/) *£/c) (d k ,m+l& T Pk,m+2f T fd kt m +^ 
T— l(^b -Ffc) ')k,m+l& T 'Yk,m+2f 4“ r yk,m-\-3^i ^ 

<P-i(xk, b k rn ^~iC T b k m ^_2f T b ktJn+3 h, k 

<P-l{x k , f ) Cfc,m+l^ T Cfc,m+2,/ 4“ Ck,171+3^1 ^ 

T— i("^fc) d k m ^.\e T d k m ^2f 4~ d fc,771+3^5 ^ 


0,1,... 

,m, 

0,1,... 

,m, 

0,1,... 

,m, 

0,1,... 

,m, 

0,1,... 

,m, 

0,1,... 

, m. 


Proposition 4.3. dim < f ) G 1 / = 3(m + 1). 
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Proof. The equalities for 0 < i < m 

(dV_i ){e,f,Xi) = (d 2 </?_i ){e,h,Xi) = (. d 2 ip_i)(f,h,Xi ) =0 

imply 

Qti,m +2 fi,m +1 7«,m+3 0; C^i,m +1 f^i,m+ 2; Cli,m+3 fii,m +3 

Since only above equalities give us restrictions for parameters which are defined 92 _ 1 G 
we conclude that the number of independent parameters is equal to 3(m + 1). □ 

Proposition 4.4. dim ZL 2 l _ 1 > = dim 

Proof. Let us consider equalities (13.41) and (13. 5 p for the 2-cocycle G ZL 2 _ ^ with 
x, y G G, z G /. Then we get 

[x, 99-1(1/,^)] + [93.!(>,£),?/] - 9 i-i{[x,y],z) = 0 , 
[x,(p-!(z,y)\ - [(p- 1 (x,z),y] + <p-i(x,[z,y]) + <p-i([x,y],z) = 0 . 

Summing these two equalities we derive 

[x,<p- 1 (z,y)] = -[x,<p- 1 (y,z)]-tp- 1 (x,[z,y]), for x, y G G, z G I. (4.11) 

Considering equality (14.111) for the all triples (gi,Xi,g 2 ), where g\,g 2 G {e,f,h}, we 
obtain the relations: 


/l — 

t 'i,m+l 

Pz,m+2 2 /i—l,m+l? 

® = 0,1, — 

, m 

bi,m+2 

i(m+l—i) 

2 7i—l,m+2? 

i = 0,1, • • • 

, m 

bi t m +3 = 

1„, i(m+l-i) a 

2 /i,m+2 2 Pi—l,m+2) 

i = 0,1, • • • 

, m 

Q,m+1 

jli+l.m+l 5 

i = 0,1, • • • 

, m 

Cj,m+2 


i = 0,1, • • • 

, m 

Q,m+3 

27i,m+l “1“ 2/5i+l,m+2 5 

i = 0,1, • • • 

, m 

^i,m+l 

m—2i—2 

2 7i,m+l) 

i = 0 , 1,... 

, m 

^i,m+2 

m-2j+2 

2 7*, m +2) 

* = 0,1, — 

, m 

^i,m+3 

m—2i 0 

2 Pi,m+2? 

i = 0,1, • • • 

, m 


where /3 ijin+2 = 'y^m+i — li,m +2 = 0, for i < —1 or i > m + 1, which complete the proof 
of the proposition. □ 


Now we formulate the main result of this section. 


Theorem 4.5. Let L = sl 2 +I be the simple Leibniz algebra of Theorem 13.31 Then 
HL 2 (L,L) = 0. 

Proof. From Corollary 12.111 and the proof of Proposition 13.41 we conclude that 
dim BL 2 (L,L) — (m + 4) 2 — 4 for m 7 ^ 2 and dim BL 2 (L,L) — (m. + 4) 2 — 5 for 
m — 2 . 

By above propositions, we conclude that 

dim ZL 2 (L, L ) = dim(4 ) g 1 r + $ 7 ^ + <£>7/ + ‘Fg G + 4*5 G + 4*^ G ) = (m + 4) 2 — 4 for m^2 
and 

dim ZL 2 (L,L) = dim(<F7/ + 4 ) 7G + < ^7/ + < ^ ) G,G + < ^?,G + < ^ ) G,G) = (hi + 4) 2 — 5 for m = 2. 

□ 
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In conclusion we formulate 

Conjecture. HL 2 (L,L) = 0 for any complex finite-dimensional simple Leibniz 
algebra. 
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